In the context of exoplanet direct detection and characterization, where high-contrast imaging is mandatory, we present fully optimized two-dimensional pupil apodizations for which no specific geometric constraints are put on the pupil plane apodization, apart from the shape of the aperture itself. Masks for circular and segmented apertures are displayed, with and without a central obstruction and spiders. We can now optimize apodizers for any aperture shape, and examples of optimal masks are shown for the Subaru telescope, the Space Infrared telescope for Cosmology and Astrophysics (SPICA) and the James Webb Space Telescope (JWST). Several high-contrast regions are considered with different sizes, positions, shapes and contrasts. It is interesting to note that all the masks that result from these optimizations tend to have a binary transmission profile.
Introduction
As the population of known exoplanets has grown over the last decade, interest has been steadily increasing in methods and missions to observe them directly. These include both ground and space based systems. In fact, the 2010 decadal survey for astronomy and astrophysics [1] placed a high priority on developing both the technology and mission concepts for a high-contrast planet imager that would be ready for the next decade. The goal is to be able to image and characterize Earthlike planets in the habitable zones of their parent stars with a telescope from 4 to 8 m in diameter. Because of diffraction, the limited size of the telescope, the very small angular distance between the planets and their host star (an Earth-like planet at 10pc would appear with a maximum angle of 0.1 arcsec), and the very small flux ratio between the light coming from the planets and their star (10 −10 in the case of an Earth-like planet observed in the visible), direct detection is a significant challenge. These conditions are however partially relaxed when looking at bigger, younger objects, such as young giant planets. More information can be found in the literature (see, e.g., [2] ).
Many approaches to achieving the high contrast needed have been proposed, including many types of coronagraphs, pupil interferometers, and external occulters. In this paper, we present new shaped-pupil designs that increase the system throughput with respect to older designs, and can be used with on-axis and segmented telescopes, introducing the potential for dramatically simplifying the engineering of a future ground or space telescope. Contrary to many coronagraphs, and like the older shaped pupils, these masks are fundamentally achromatic and insensitive to tip-tilt errors.
Apodization is a technique widely used in optics, for a variety of purposes. In astronomy, pupil apodization creates a high-contrast point-spread function (PSF) by varying the amplitude transmission in the entrance pupil of the telescope (see, e.g., [3] ). In fact, Slepian [4] found the best possible apodization in the sense that it maximally concentrates the light in the image plane toward the center leaving very high contrast outside the inner working angle. This apodization is a prolate spheroidal function. It was later proved by Aime [5] and Soummer [6] that the prolate spheroidal functions maximize the rejection of an apodized Lyot coronagraph.
Unfortunately, manufacturing aperture masks with variable transmission over broad bands with sufficient accuracy has proved formidable. Different techniques have been explored. Metal deposit of variable thickness on a glass substrate, and HEBS (High Electron Beam Sensitive) glass are both chromatic and introduce phase errors on the wavefront. A more recent alternative consists of approximating a variable transmission with microdots apodizers (see [7] ) that are formed of arrays of pixels with 0 or 1 transmission, each of them a few microns in size. Contrary to the two previous techniques, that one is fundamentally achromatic and introduces less phase aberrations in the wavefront.
We have focused instead on binary masks that reshape the entrance pupil by either allowing or blocking transmission [8] .
Our approach to designing shaped pupils has been to maximize the transmission of the pupil subject to constraints on the field distribution in the image plane. Because a linear operator (the Fourier transform) is used to switch from one plane to the other, these optimization problems are linear programs, and can thus be solved very efficiently. However, so far, full optimizations (i.e. without any constraints put on the pupil except for the initial transmission of the aperture) have only been done for one-dimensional geometries. The results of these optimizations include barcode masks, checkerboard masks and concentric ring masks [9, 10, 11] . In the last two cases, a square geometry and a circular symmetric geometry, respectively, were assumed so that these 1D problems resulted in 2D masks.
An important observation is that each of these 1D optimizations tended toward binary distributions of amplitude in the pupil plane; their binary aspect is not a constraint but rather is a result of the optimization. The outer working angle (OWA) of these masks govern the number of the blocking and transmitting regions, and in the case of a large OWA the width of these regions becomes smaller than the width associated with one element of resolution. In this case the apodization profile is no longer binary but rather smooth.
In this paper, we describe a new optimization approach that results directly in 2D shaped pupils with no simplifying geometric assumptions. The idea, first described in [12] , exploits the main idea behind the fast Fourier transform which is that the single main sum can be rewritten as a nested pair of sums (see also [13] ). It therefore allows us to design masks for arbitrary pupil geometries, including those with central obstructions, spiders, or segmented telescopes. It also allows us to tailor the region of high contrast in the image plane to any desired shape or size. Thus, for instance, we can design for dark holes that match those created by the accompanying wavefront control system. This ability often results in systems with higher transmission, smaller inner working angles (IWA) or higher contrast.
The paper is organized as follows. In Section 2, we describe the formalism for the optimizations. In Section 3, we present the result of the optimization for a circular unobstructed aperture. We use this example to show how the sampling of the pupil plane affects the quality of the optimization both in the pupil plane and the image plane. In Section 4, we display various optimized circular pupil masks with a central obscuration and spiders. For example, we consider the pupil geometries of the 8m Subaru Telescope and the 3m telescope for the planned Japanese Space Infrared Telescope for Cosmology and Astrophysics (SPICA). Section 5 shows that we can also optimize for a segmented mirror; we use the pupil of the James Webb Space Telescope (JWST) as an example for such masks. Section 6 discusses the possibilities offered by these optimizations, as well as their limitations.
Formalism of the two dimensional pupil optimization
What makes these optimizations possible is a fast and accurate computation of the Fourier Transform (FT) of the pupil plane apodization. Indeed, the amplitude distribution in the image plane is proportional to the Fourier transform of the electric field in the pupil plane, which is the arriving electric field (to be of constant, say unit, amplitude) multiplied by the apodization function A(x, y):
Here, the aperture has diameter D along the x and y axes (the aperture is therefore assumed to be contained within a D × D square), the focal length of the instrument is f , and λ denotes the light's wavelength. An important first step in many optical design problems is to replace quantities representing physical lengths with quantities that are unit-less scalars times some natural physical scale for the problem. 
This two-dimensional Fourier transform can be approximated using discrete sets of points in both the pupil and the image planes:
with k indexed on the set {1, . . . , M u } and l on the set {1, . . . , M v }. We will assume equal sizes along the x and y axes, as well as along the u and v axes, making
Furthermore, we will consider a uniform partition in the (x, y)-plane, and thus ∆x i = ∆y i = 1/N for all i. When the apodizer can actually be described as an array of pixels, then Eq. (3) is the exact amplitude of the PSF. For the previous one-dimensional problems (where only single Fourier transforms were considered with the result extended to two dimensions by symmetry), the complexity of the problem was NM, where N and M are respectively the number of "pixels" in the pupil and image plane. A basic 2D FT leads to a complexity of N 2 M 2 ; for a typical desktop computer, the maximum value for NM is roughly 4500, which puts serious limits on how large N and M can be. For example, if M is chosen to be 30, which is about the minimum one can get away with in the image plane, then N can be at most 150. Consequently, the smallest detail in a pupil mask of 1 cm in diameter would have a width of ≈ 33µm. This is too low a resolution to produce sufficient contrast, as explained in more detail in Section 3.
There is, however, a way to increase the resolution with which we sample the pupil plane. As described in [13] and [12] , the complexity can be reduced to N 2 M + NM 2 if the 2D Fourier transform is made in two steps, first along one axis,
and then along the other one, using as inputs the results of the first computation in the second 1D FT,
This two-step method dramatically decreases the complexity by reducing the number of computations at the expense of increased memory allocation (the intermediate matrix E temp has to be stored during this process).
Since most telescope pupils have one or two axes of symmetry, we can use this feature to work with arrays 2 or 4 times smaller. Additionally, because the binary apodization is realvalued, the exponential term in the Fourier transform can be replaced with a cosine. When computing the FT this way, N can be as high as 1000, while M can be set to 50, and the smallest detail in the same 1 cm pupil would now have a 5µm length. Note that, in this particular case, we gain a factor 1000 2 × 50 2 /(1000 2 × 50 + 1000 × 50 2 ) ≈ 48 in efficiency over the classical, brute-force, computation of the 2D FT.
The maximization of the pupil mask's throughput, subject to contrast constraints, can be formulated as a linear programming problem: maximize E(0,0) subject to:
where 10 −c is the targeted contrast. The electric field in the image, E(u k , v l ), is subject to this constraint only in a specific discovery space ∆ F (defined in particular by an IWA and an OWA). The apodization, A(x i , y j ), is also defined on a specific domain, ∆ P , the initial aperture shape. In practice, the optimization problem is expressed in the AMPL language [14] and solved with R. Vanderbei's LOQO solver [15] . Details about the AMPL models can be provided by contact authors.
As it can be seen in Eq. (2), the wavelength does not appear in the integral. The PSF of the masks only scales with the wavelength, and the IWA and OWA change too, but although the masks are designed for one wavelength, say λ 0 , they can be used in broadband. We can define two new quantities: IWA ∆λ and OWA ∆λ , the effective IWA and OWA, functions of the bandwidth ∆λ . IWA ∆λ is the IWA for the largest wavelength, and OWA ∆λ is the OWA for the shortest wavelength. The contrast level that was specified in the optimization problem is maintained in the region that these two angles define over the broadband. We can write that:
The increase of the bandwidth decreases the extension of the high-contrast zone:
For example, we can consider the case of the ground-based coronagraphic instruments of the GPI [16] and Sphere [17] projects that have both been designed to work in the J, H and K bands. Each of these three bands has a bandwidth slightly smaller than 20%. In this condition, an IWA and an OWA of respectively 3 and 15λ /D lead to an IWA ∆λ of ≈ 3.3 λ /D, and an OWA ∆λ of ≈ 13.5 λ /D. The effective angular extension of the high-contrast zone is 85% of the original one. 
Circular unobstructed aperture
To begin, we consider a circular unobstructed aperture. Almost all coronagraphs being considered for a space mission require unobstructed apertures to achieve high contrast, and therefore necessitate complicated off-axis telescope designs. Starting with such a geometry allows us to compare the new approach to previously-designed shaped pupils. In later sections, we explore designs for on-axis pupil geometries.
Case of a circular symmetric high contrast region
In Vanderbei et al. [9] optimal shaped pupils were found for open circular apertures consisting of concentric rings by solving for the ring width and spacing along a radius. This allowed the problem to be solved in only one dimension. It is, however, interesting to compare the result of the 1D optimization to the new 2D approach. In the latter case, the optimization produces a "wiggly" version of a concentric ring mask (the wiggles result from the rather coarse discretization of the image plane). Figure 1 displays the results of the optimization with N=200 and with N=1000 (and M=100 in both cases). In fact the optimization uses arrays 4 times smaller, taking advantage of symmetry, but the numbers of points we indicate afterwards are always the total number of points. In both cases the contrast is 10 −6 inside a ring with an IWA of 3 λ /D and an OWA of 15 λ /D, as can be seen in Fig. 2 . A comparison of the same region is shown; the size of the arrays has a clear influence on the quality of the optimal transmission. In particular, the value of the transmission tends to converge to either 0 or 1. The number of pixels for which the transmission adopts a value between 0 and 1 decreases greatly when the size of the array is increased; the low resolution pupil has 1.8% of its transmitted intensity between 0.1 and 0.9, while less than 0.2% of the high resolution pupil has this property. Figure 2 shows a comparison between the PSFs of the pupils displayed in Fig. 1 with and without the transmission values rounded. In the former case, the pupil becomes a true binary mask and some unwanted features brighter than 10 −6 can be seen inside the high contrast ring when the pupil is too poorly sampled (N=200). The same does not occur with the higher resolution (N=1000). Apart from one exception, discussed next, all of the PSFs that we show in the rest of the paper are computed for the binary masks obtained by rounding all pixels either to zero or to one.
The only exception appears in a comparison between a true concentric ring mask (illustrated in Fig. 4 of [9] ) and a similar mask (see Fig. 3 ) fully optimized in 2D for the same IWA and OWA (3.5 and 7 λ /D) and the same contrast (10 −10 ). The original concentric ring mask and the new one have similar throughputs (23.5% instead of 25%) but the number of rings is not the same in the two cases (5 instead of 6). As seen in Fig. 4 , the mask (designed with N=1000, M=100), only provides a mean contrast of 2 × 10 −9 when its transmission values have been rounded. Less than 0.12% of the pixels have an apodization value between 0.1 and 0.9, but the targeted high contrast level makes this small ratio significant enough to change the effective contrast by more than an order of magnitude. We should, however, point out that the 1D mask was designed using a two-step process. In the first step, a linear programming problem was solved to find a discretized approximate solution to the problem. For the second step, the on-off and off-on thresholds from the approximate solution were used as input to a 1D nonconvex nonlinear optimization problem that hones these thresholds to highly precise values. We have not adapted this second stage to the current 2D design process. We are currently working on such an enhancement.
It is also noteworthy that the new pupil masks fail to present the same circular symmetry as in the 1D case, although they share strong similarities. That lack of circular symmetry is explained by the fact that the PSF is computed with a small number of points, M=100. Figure  5 illustrates how this effect is reinforced if M is set to 50.
The transmission of the mask does not significantly change with different values of M and N, as long as the IWA and OWA remain the same. Therefore, it is possible to compute a first mask with a low resolution (in about 15 minutes for N=200, M=50). If the first estimate of the throughput is deemed high enough, a second optimization can be launched for a much larger array (which will take several hours for N=1000, M=50 using one of the 8 cores of a 64bits, 3.16 Ghz processor, and 32Gb of RAM).
Case of two symmetric dark holes
Instead of an annular dark hole, one may wish to optimize the pupil mask so as to provide high contrast in more spatially-limited regions of the image plane. This alternative is particularly relevant when the mask is to be used with a dedicated wavefront correction system that can only create small dark holes with high contrast.
Several tradeoffs exist between the IWA, the throughput and the contrast. Two are illustrated in Fig. 6 . A comparison between the pupil displayed on the first and second rows indicates that a smaller IWA can be obtained when the size of the dark hole is reduced. The reader will note that, while the throughput remains almost the same, the overall shape of the mask changes dramatically. Furthermore, if a higher contrast is sought, the throughput may be conserved if the IWA is increased, as is illustrated by the pupils on the first and the third rows. Although not illustrated here, reducing the area of the dark hole may also help increase throughput.
Circular pupil with a central obstruction and spiders
Since this new two-dimensional approach can create masks for arbitrary pupil geometries, we can, in particular, find masks designed for telescopes with any central obstruction or spider structure. This allows the coronagraph to maximize the amount of light collected by the telescope. In this section, we present a few masks for two real-world telescope pupils: SPICA and Subaru. These two pupils have two axes of symmetry, allowing us to simplify the computation as explained in section 2. We could also have selected other telescopes, such as the Very Large Telescope (VLT), or the Gemini telescopes.
SPICA
SPICA, the Space Infrared Telescope for Cosmology and Astrophysics, is a planned infrared space telescope consisting of a 3m primary mirror and a secondary mirror of 0.6 m. The central obstruction ratio is then 0.2. The spiders' thickness is set to 0.08 m. It should be noted that the design of SPICA is subject to change and the primary and secondary mirrors could respectively have a diameter of 3.2 m and 0.8 m. In the latter case, this would have important consequences on the performance of the coronagraph in terms of throughput, IWA and contrast.
Several masks for SPICA, as well as for Subaru and JWST, have been described in [18, 19] . Different strategies have been explored that favor the contrast over the IWA or vice-versa. The mask we present here, shown in Fig. 7 , has a throughput of 55%. Its IWA is 3.3 λ /D and its OWA is 12 λ /D. The discovery zone for which it is designed is similar to the one created by the first mask that appears in [19] . Because of the absence of any constraints on the optimization of the mask, a significant gain in throughput is obtained (the light is transmitted in an additional one fourth of the pupil surface).
The Subaru telescope
Unlike SPICA, the spiders of the Subaru telescope are not perpendicular. In this respect, the aperture of the Subaru telescope is similar to the aperture of the VLT and the Gemini telescope. In the case of the Subaru telescope, a solution proposed in [18] was to place two barcode masks in a direction perpendicular to one of the spiders so that the design of the mask can be affected as little as possible. This way the mask can provide a contrast of 10 −5 at 3 λ /D for a throughput of 24%. The first mask we present here was designed with the same constraints as Mask-1 in [18] but rotated by ≈ 38 o . The particular orientation chosen in their case is necessary so as to display the barcode masks horizontally. We are not subject to the same requirement, and we have chosen to align the axes of symmetry of the central obstruction with the x and y-axes of the simulation window. The top of Fig. 8 displays the mask and its PSF. It allows through almost twice the light, with a throughput of 45%. The second mask was designed to reach a higher contrast, 10 −8 , although a larger IWA of 5 λ /D is necessary for the throughput to remain comparable (35% of the light is transmitted).
Asymmetric pupil with a segmented mirror
We now apply the mask optimization to the James Webb Space Telescope (JWST) pupil. The pupil mask is optimized with N=1024. Contrary to all the preceding pupils we have considered, this pupil only has one axis of symmetry. Because of that we cannot optimize it in the exact same way as we did for the others. We still take advantage of one axis of symmetry in the computation of the first Fourier transform (and one should make sure that the pupil has the correct orientation, or rotate it by π/2 if necessary), but the second FT must be completed without it. This results in an array twice as large as with the other pupils (512 × 1024).
Another consequence of the asymmetry is that the exponential term in the expression of the FT cannot be changed into a cosine. Hence each number has a real and an imaginary part, which doubles the amount of memory required to solve this model. Furthermore, to keep the problem linear, the natural contrast constraint |E(u, v)| ≤ 10 −2.5 E(0, 0) is replaced with a pair of constraints, one for the real part and one for the imaginary part:
The JWST pupil is particularly interesting: the internal and external hexagonal segments making up the pupil have a great effect on the contrast that can be reached. A first mask was generated for a circular ring dark hole with a minimal IWA of 5 λ /D. A smaller IWA (4 λ /D) could be obtained with a similar throughput by changing the dark hole to a hexagonal ring, with internal and external contours rotated by π/2 with respect to each other. The resulting mask and PSF are shown in Fig. 9 . Several other geometric aspects still remain to be tested.
The apertures of the Keck telescope, and of giant space-based telescopes such as ATLAST are other examples of segmented apertures for which 2D apodizers could be optimized.
Future extremely large telescopes (ELT), such as the thirty meter telescope (TMT) or the European ELT, will also have a segmented mirror. The high number of segments, and the small size of the gaps between them will require a number N higher that the one we use for the masks presented in this paper.
Final Remarks
Previous two-dimensional shaped-pupil optimizations all assumed specific geometries in order to reformulate the 2D problem as a 1D mathematical description that could then be solved. We have shown in this paper that full optimizations of pupil masks in two dimensions are possible, and that the complexity of the optimization problem can be decreased significantly if the Fourier transform is computed in two steps. The number of points used to sample the pupil can thus be 100 times higher than the one accessible with a direct evaluation of the Fourier transform, making it able to design apodizers for high-contrast.
No constraints other than the initial geometry of the aperture are placed on the pupil. This allows us to find new, and more optimal, solutions to a variety of high contrast problems. We have in particular compared composite barcode masks designed for the SPICA coronagraph and for the Subaru telescope to new, fully optimized 2D masks. Given the same discovery zones (same contrasts, IWA and OWA), higher throughputs can always be expected. More importantly, the throughputs that our masks achieve are simply the highest that an apodizer in transmission can achieve.
Complex pupil geometries can be treated without much more effort than basic geometries. Masks optimized for the JWST illustrate particularly well the possibilities that full 2D optimizations offer. Despite the central obstruction, the spiders and the inter-segments gaps, optimal mask solutions are found.
Another very important observation is that the result of the optimization always tends to be a binary mask, and that, given a sufficiently high enough number of points used to sample the pupil plane, it virtually is. This tendency had already been observed when optimizing 1D masks, but the optimization of ripple masks and star shaped masks assumed a binary amplitude distribution. As it is the case with the barcode masks, the binary nature of the apodizers is due to the limited size of the high-contrast region of the image plane for which the mask is optimized.
One can argue that these optimizations are constrained by the choice of the high contrast regions. In the basic case of a circular symmetric pupil, without central obstruction and spiders, many types of dark holes can be considered (circular symmetric rings, portions of rings, rectangular areas, etc.), but the particularities of pupils with more complex features must be taken into account when designing the dark holes. For example, the small size of spiders leads to diffraction effects on a large scale, and the geometry of the spiders must be used to design the dark holes. A system of 4 spiders set in an orthogonal fashion will create diffraction spikes in a similar orthogonal fashion. One can then choose to move the diffracted energy along one or both axes, so as to obtain a good contrast in the other parts of the image plane.
Many coronagraphs (such as the PIAA [20], FQPM [21] and vortex coronagraphs [22] ) are meant to be used with telescopes without central obstructions. However, the spiders and the central obstruction can be artificially removed. This is in particular true for the PIAA using a spider removal plate (described in [23]), and for the FQPM coronagraph and the vortex coronagraph using a multi stage approach (see, e.g., [24, 25] ). Pupil masks could be designed, not to aim for high contrast, but to attenuate the diffraction spikes. The advantage of choosing this solution would be a better achromaticity and little to no additional aberrations introduced in the wavefront (fewer optics would be needed). This will be explored in a future paper.
The masks that are presented here are all binary, but none of them is fully structurally connected, in contrast to bar code masks, star shaped masks, or shaped pupils. This makes it mandatory for them to be laid on glass or mirrors. Additional amplitude and phase aberrations will thus be introduced on the wavefront, and these aberrations may grow with time due to the contamination of the optical elements. These wavefront errors will have to be taken into account in the design of the wavefront correction system. Checkerboard masks are also not structurally connected, and some were manufactured for the SPICA project using e-beam lithography of aluminum coated BK7 glass substrates. Masks designed for 10 −10 were tested in the laboratory, and contrasts smaller than 7 × 10 −8 were achieved in laser light [19] . More recent experiments were conducted in broadband, and in a vacuum chamber (see [26] ). This time the contrast was limited by ghosts and ranged from 3.5 × 10 −7 for a central wavelength λ 0 = 650 nm (∆λ = 8 nm) to 2.6 × 10 −6 for λ 0 = 850 nm (∆λ = 55 nm). In both experiments the wavefront was not actively corrected.
We intend in the near future to have some masks manufactured in a similar fashion, and use them in our high contrast imaging laboratory in Princeton University, together with our 2 deformable mirrors wavefront correction system.
